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Abstract 

In the paper it is shown that, even without a knowledge of the concrete 
form of the equations of mathematical physics and field theories, with the 
help of skew-symmetric differential forms one can see specific features of 
the equations of mathematical physics, the relation between mathematical 
physics and field theory, to understand the mechanism of evolutionary 
processes that develop in material media and lead to emergency of physical 
structures forming physical fields. This discloses a physical meaning of 
such concepts like ’’conservation laws”, ’’postulates” and ’’causality” and 
gives answers to many principal questions of mathematical physics and 
general field theory. 

In present paper, beside the exterior forms, the skew-symmetric differ¬ 
ential forms, whose basis (in contrast to the exterior forms) are deforming 
manifolds, are used. Mathematical apparatus of such differential forms 
(which were named evolutionary ones) includes nontraditional elements 
like nonidentical relations and degenerate transformations and this en¬ 
ables one to describe discrete transitions, quantum steps, evolutionary 
processes, and generation of various structures. 

Introduction 

Skew-symmetric differential forms possess unique properties that enable one 
to carry out a qualitative investigation of the equations of mathematical physics 
and the foundations of field theories. They can describe a conjugacy of various 
operators and objects (derivatives, differential equations, and so on). 

Such a potentiality of skew-symmetric differential forms is due to the fact 
that skew-symmetric differential forms, as opposed to differential equations, deal 
with differentials and differential expressions rather than with derivatives. 

In the paper, beside the exterior skew-symmetric differential forms that can 
describe conjugated objects, the skew-symmetric differential forms, whose basis 
(in contrast to the exterior forms) are deforming manifolds, are used. Such skew- 
symmetric differential forms, which were named evolutionary ones, can describe 
the process of conjugating objects and obtaining conjugated objects - the closed 
exterior forms. Evolutionary forms are obtained from the equations modelling 
physical processes, and therefore, they possess evolutionary properties. 

The physical meaning of exterior skew-symmetric differential forms is con¬ 
nected with the fact that they correspond to conservation laws. Closed (in¬ 
exact) exterior forms and relevant dual forms compose conjugated objects (a 
differential-geometrical structure). Just such conjugated objects, which are in¬ 
variant ones, correspond to conservation laws. These are conservation laws for 
physical fields. The physical structures that form physical helds are just such 
conjugated objects. 
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The theory of closed exterior forms lies at the basis of held theories (the 
theories describing physical helds). The invariant properties of exterior forms 
explicitly or implicitly manifest themselves essentially in all formalisms of held 
theory, such as the Hamilton formalism, tensor approaches, group methods, 
quantum mechanics equations, the Yang-Mills theory and others. The gauge 
transformations (unitary, gradient and so on), the gauge symmetries and the 
identical relations of held theories are transformations, symmetries and relations 
of the theory of closed exterior forms. 

In the paper it will be shown that the closed exterior forms, whose properties 
lie at the basis of held theories, are obtained from evolutionary forms related 
to the equations of mathematical physics. This discloses a relation between 
mathematical physics and the invariant held theories. 

Evolutionary forms, as well as closed exterior forms, rehect the properties 
of conservation laws. However, they are conservation laws for material media. 
They are balance (differential) conservation laws. They are conservation laws 
for energy, linear momentum, angular momentum, and mass. 

Below, on the basis of the properties of evolutionary forms it will be shown 
the noncommutativity of the balance conservation laws and their controlling role 
in the evolutionary processes developing in material media. In will be shown 
that such processes lead to origination of physical structures from which phys¬ 
ical helds are formatted. During this the origination of physical structures in 
these processes reveals as an emergency of such formations like waves, vortices, 
turbulent pulsations, massless particles, and so on. 

Such results hrstly proves that material media generate physical helds. And 
secondly, they explain the nature of turbulence and various types of instabilities 
developed in material media. 

Below it will be shown that the parameters of exterior and evolutionary 
forms allow to introduce a classihcation of physical helds and interactions. 

The methods of investigating concrete material systems and physical helds 
on the basis of the exterior and evolutionary differential forms are demonstrated 
by the examples that are presented in Appendices 2. 

The existence of evolutionary skew-symmetric differential forms has been es¬ 
tablished by the author while studying the problems of stability. Mathematical 
apparatus of evolutionary skew-symmetric diherential forms includes nontradi- 
tional elements like nonidentical relations and degenerate transformations and 
this enables one to describe discrete transitions, quantum steps, evolutionary 
processes, and generation of various structures. Such mathematical apparatus 
is beyond the scope of existing physical and mathematical formalisms, and this 
makes difficulties in presentation and perception of this matter. 

Closed exterior forms. Conservation laws 

It is known that the exterior differential form of degree p (p-form) can be 
written as [1,2] 

9^ = ^ ai^,,,ipdx^^ A A ... A dx" 0 < p < n (1) 

...ip 
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Here are functions of the variables x^, ..., x", n is the dimension of 

space, A is the operator of exterior multiplication, dx*, dx* Adx^, dx* Adx-’ Adx^, 
... is the local basis which satisfies the condition of exterior multiplication (the 
condition of skew-symmetry). 

The differential of the exterior form 9^ is expressed as 

dQP = ^ dai^,,,i^ A dx*^ A dx*^ A ... A dx**” (2) 

The physical sense have the closed exterior forms. [Below we present only 
the data on exterior forms which are necessary for further presentation]. 

From the closure condition of the exterior form 


d9P = 0 (3) 

one can see that the closed exterior form 9^ is a conserved quantity. This means 
that this can correspond to a conservation law, namely, to some conservative 
quantity. 

If the form is closed only on pseudostructure, i.e. this form is a closed inexact 
one, the closure conditions are written as 


d^9P = 0 

(4) 

o 

II 

* 

(5) 


where *9^ is the dual form. 

Condition (5), i.e. the closure condition for dual form, specifies the pseu¬ 
dostructure TT. {Cohomology (de Rham cohomology, singular cohomology and 
so on), sections of cotangent bundles, the surfaces eikonals, potential surfaces, 
pseudo-Riemannian and pseudo-Euclidean spaces, and others are examples of 
the psedustructures and manifolds that are formed by pseudostructures.} 

From conditions (4) and (5) one can see the following. The dual form 
(pseudostructure) and closed inexact form (conservative quantity) made up a 
conjugated conservative object that can also correspond to some conservation 
law. The conservative object, which corresponds to the conservation law, is a 
differential-geometrical structure. (Such differential-geometrical structures are 
examples of G-structures.) The physical structures, which made up physical 
fields, and corresponding conservation laws are just such structures. 

Properties of closed exterior differential forms. 

1. Invariance. 

It is known that the closed exact form is a differential of the form of lower 
degree: 

9P = d9P-^ ( 6 ) 

Closed inexact form is also a differential, and yet not a total one but an interior 
on pseudostructure 

91 = d^9P-^ (7) 
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Since the closed form is a differential (a total one if the form is exact, or an 
interior one on the pseudostructure if the form is inexact), it is obvious that the 
closed form turns out to be invariant under all transformations that conserve the 
differential. The unitary transformations (0-form), the tangent and canonical 
transformations (1-form), the gradient transformations (2-form) and so on are 
examples of such transformations. These are gauge transformations for spinor, 
scalar, vector, tensor (3-form) fields. It should be pointed out that just such 
transformations are used in field theory. 

With the invariance of closed forms it is connected the covariance of relevant 
dual forms. 

2. Conjugacy. Duality. Symmetries. 

The closure of exterior differential forms is the result of conjugating the 
elements of exterior or dual forms. The closure property of the exterior form 
means that any objects, namely, the elements of exterior form, the components 
of elements, the elements of the form differential, the exterior and dual forms, 
the forms of sequential degrees and others, turn out to be conjugated. 

With the conjugacy it is connected the duality. 

The example of a duality having physical sense: the closed exterior form is 
a conservative quantity corresponding to conservation law, and the closed form 
(as the differential) can correspond to a certain potential force. (Below it will 
be shown in respect to what the closed form manifests itself as a potential force 
and with what the conservative physical quantity is connected). 

The conjugacy is possible if there is one or another type of symmetry. 

The gauge symmetries, which are interior symmetries of field theory and with 
which gauge transformations are connected, are symmetries of closed exterior 
differential forms. The conservation laws for physical fields are connected with 
such interior symmetries. 

Identical relations of exterior forms. 

Since the conjugacy is a certain connection between two operators or math¬ 
ematical objects, it is evident that, to express the conjugacy mathematically, it 
can be used relations. These are identical relations. 

The identical relations express the fact that each closed exterior form is the 
differential of some exterior form (with the degree less by one). In general form 
such an identical relation can be written as 

d.T = 01 ( 8 ) 

In this relation the form in the right-hand side has to be a closed one. 

Identical relations of exterior differential forms are a mathematical expres¬ 
sion of various types of conjugacy that leads to closed exterior forms. 

Such relations like the Poincare invariant, vector and tensor identical rela¬ 
tions, the Cauchi-Riemann conditions, canonical relations, the integral relations 
by Stokes or Gauss-Ostrogradskii, the thermodynamic relations, the eikonal re¬ 
lations, and so on are examples of identical relations of closed exterior forms 
that have either the form of relation (8) or its differential or integral analogs. 
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One can see that identical relations of closed exterior differential forms make 
itself evident in various branches of physics and mathematics. 

Below the mathematical and physical meaning of these relations will be 
disclosed with the help of evolutionary forms. 

The analysis of field theories with the help of closed ex¬ 
terior forms. 

The properties of closed exterior differential forms correspond to the con¬ 
servation laws for physical fields. Therefore, the mathematical principles of the 
theory of closed exterior differential forms lie at the basis of existing field theo¬ 
ries. {The physical fields [3] are a special form of the substance, they are carriers 
of various interactions such as electromagnetic, gravitational, wave, nuclear and 
other kinds ofinteractions. The conservation laws for physical fields are those 
that state an existence of conservative physical quantities or objects.} 

The properties of closed exterior and dual forms, namely, invariance, co- 
variance, conjugacy, and duality, lie at the basis of the group and structural 
properties of field theory. 

The nondegenerate transformations of field theory are transformations of 
closed exterior forms. As it has been pointed out, the gauge transformations 
like the unitary, tangent, canonical, gradient and other gauge transformations 
are such transformations. These are transformations conserving the differential. 
Applications of nondegenerate transformations to identical relations enables one 
to find new closed exterior forms and, hence, to find new physical structures. 

The gauge, i.e. internal, symmetries of the field theory equations are those 
of closed exterior forms. 

The nondegenerate transformations of exterior differential forms lie at the 
basis of field theory operators. If, in addition to the exterior differential, we in¬ 
troduce the following operators: (1) i5 for transformations that convert the form 
of {p+ 1) degree into the form of p degree, (2) 5' for cotangent transformations, 
(3) A for the d5 — 6d transformation, (4) A' for the d6' — S'd transformation, 
one can write down the operators in the field theory equations in terms of these 
operators that act on the exterior differential forms. The operator 6 corresponds 
to Green’s operator. S' does to the canonical transformation operator, A does 
to the d’Alembert operator in 4-dimensional space, and A' corresponds to the 
Laplace operator. 

It can be shown that the equations of existing field theories are those ob¬ 
tained on the basis of the properties of the exterior form theory. The Hamil¬ 
ton formalism is based on the properties of closed exterior form of the first 
degree and corresponding dual form. The closed exterior differential form 
ds = —Hdt + Pjdqj (the Poincare invariant) corresponds to the field equation 
related to the Hamilton system. The Schrddinger equation in quantum mechan¬ 
ics is an analog to held equation, where the conjugated coordinates are changed 
by operators. It is evident that the closed exterior form of zero degree (and dual 
form) correspond to quantum mechanics. Dirac’s bra- and cket- vectors consti¬ 
tute a closed exterior form of zero degree [4]. The properties of closed exterior 
form of the second degree (and dual form) lie at the basis of the electromagnetic 
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field equations. The Maxwell equations may be written as [5] dO^ = 0, d*9‘^ = 0, 
where 0^ = (here is the strength tensor). Closed exterior and 

dual forms of the third degree correspond to the gravitational field. (However, 
to the physical field of given type it can be assigned closed forms of less degree. 
In particular, to the Einstein equation for gravitational field it is assigned the 
first degree closed form, although it was pointed out that the type of a field 
with the third degree closed form corresponds to the gravitational field.) 

The connection between the field theory equations and gauge transforma¬ 
tions used in field theories with closed exterior forms of appropriate degrees 
shows that there exists a commonness between field theories describing physi¬ 
cal fields of different types. This can serve as an approach to constructing the 
unified field theory. This connection shows that it is possible to introduce a 
classification of physical fields according to the degree of closed exterior form. 
Such a classification also exists for interactions (see below). 

(But within the framework of only exterior differential forms one cannot 
understand how this classification is explained. This can be elucidated only by 
application of evolutionary differential forms.) 

And here it should underline that the field theories are based on the prop¬ 
erties of closed inexact forms. This is explained by the fact that only inexact 
exterior forms can correspond to the physical structures that form physical 
fields. The condition that the closed exterior forms, which constitute the basis 
of field theory equations, are inexact ones reveals in the fact that essentially 
all existing field theories include a certain elements of noninvariance. Such ele¬ 
ments of noninvariance are, for example, nonzero value of the curvature tensor 
in Einstein’s theory [6], the indeterminacy principle in Heisenberg’s theory, the 
torsion in the theory by Weyl [6], the Lorentz force in electromagnetic theory [7], 
an absence of general integrability of the Schrddinger equations, the Lagrange 
function in the variational methods, an absence of the identical integrability 
of the mathematical physics equations and that of identical covariance of the 
tensor equations, and so on. Only if we assume the elements of noncovariance, 
we can obtain closed inexact forms that correspond to physical structures. 

And yet, the existing field theories are invariant ones because they are pro¬ 
vided with additional conditions under which the invariance or covariance re¬ 
quirements have to be satisfied. It is possible to show that these conditions 
are the closure conditions of exterior or dual forms. Examples of such con¬ 
ditions may be the identity relations: canonical relations in the Schrddinger 
equations, gauge invariance in electromagnetic theory, commutator relations in 
the Heisenberg theory, symmetric connectednesses, identity relations by Bianchi 
in the Einstein theory, cotangent bundles in the Yang-Mills theory, the Hamil¬ 
ton function in the variational methods, the covariance conditions in the tensor 
methods, etc. 

It is known that the equations of existing field theories and the mathematical 
formalisms of field theories have been obtained on the basis of postulates. One 
can see that these postulates are obtained from the closure conditions of inexact 
exterior forms. 
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Thus one can see that the properties and mathematical apparatus of closed 
exterior forms made up the basis of existing held theories. 

And here it arises the question of how closed inexact exterior forms, which 
correspond to physical structures and reflect the properties of conservation laws 
and on whose properties held theories are based, are obtained. This gives the 
answers to the following questions: (a) how the physical structures, from which 
physical flelds are formatted, originate; (b) what generates physical structures; 
(c) how the process of generation proceeds, and (d) what is responsible for 
such processes? That is, this enables one to understand the heart of physical 
evolutionary processes and their causality. This has to explain both the internal 
connection between different physical fields and their classification. 

Below it will be shown that the closed inexact exterior forms can be obtained 
from the evolutionary forms. 

Distinction between exterior and evolutionary forms 

Skew-symmetric differential forms, that the author named evolutionary ones, 
differ in their properties from exterior forms. The distinction between exterior 
and evolutionary skew-symmetric differential forms is connected with the prop¬ 
erties of manifolds on which skew-symmetric forms are defined. 

It is known that the exterior differential forms are skew-symmetric differ¬ 
ential forms whose basis are differentiable manifolds or they can be manifolds 
with structures of any type [2,8]. (Such manifolds have one common property, 
namely, they locally admit one-to-one mapping into the Euclidean subspaces 
and into other manifolds or submanifolds of the same dimension [8]). 

While describing the evolutionary processes in material systems (material 
media) one is forced to deal with manifolds which do not allow one-to-one map¬ 
ping described above. Lagrangian manifolds and tangent manifolds of differ¬ 
ential equations describing physical processes can be examples of deforming 
manifolds. 

Such manifolds are those constructed of trajectories of the material system 
elements (particles). These manifolds, which can be called accompanying man¬ 
ifolds, are deforming variable manifolds. 

The skew-symmetric differential forms defined on these manifolds are evolu¬ 
tionary ones. The coefficients of these differential forms and the characteristics 
of corresponding manifolds are interconnected and are varied as functions of 
evolutionary variables. 

A distinction between manifolds on which exterior and evolutionary forms 
are defined relates to the properties of metric forms of these manifolds. 

Below we present some information about the manifolds on which skew- 
symmetrical differential forms are defined. 

Some properties of manifolds. 

Assume that on the manifold one can set the coordinate system with base 
vectors e^ and define the metric forms of manifold [6]: (e^e,y), (e^dx^), (de^). 
The metric forms and their commutators define the metric and differential char¬ 
acteristics of the manifold. 
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If metric forms are closed (the commutators are equal to zero), the metric is 
defined = (e^e,y), and the results of translation over manifold of the point 
dM = {e^dx^) and of the unit frame dA = (de^) prove to be independent of 
the curve shape (the path of integration). 

To describe the manifold differential characteristics and, correspondingly, 
the metric form commutators, one can use connectednesses [2,6]. If the com¬ 
ponents of metric form can be expressed in terms of connectedness [6], the 
expressions and are components of the commutators of 

the metric forms with zeroth-, first-, and third degrees. (The commutator of 
the second degree metric form is written down in a more complex manner [6], 
and therefore it is not presented here). 

The closed metric forms define the manifold structure. And the commutators 
of metric forms define the manifold differential characteristics that specify the 
manifold deformation: bending, torsion, rotation, and twist. (For example, the 
commutator of the zeroth degree metric form characterizes the bend, that 
of the first degree form (r))^^ — F])^) characterizes the torsion, the commutator 
of the third-degree metric form determines the curvature. (For manifolds 
with closed metric form of first degree the coefficients of connectedness are 
symmetric ones.) 

Is is evident that the manifolds which are metric ones or possess the structure 
have closed metric forms. It is with such manifolds the exterior differential forms 
are connected. 

If the manifolds are deforming manifolds, this means that their metric form 
commutators are nonzero. That is, the metric forms of such manifolds turn out 
to be unclosed. 

The evolutionary skew-symmetric differential forms are defined on manifolds 
with unclosed metric forms. 

Specihc properties of evolutionary skew-symmetric differential forms and 
the distinction of evolutionary forms from exterior ones are connected with 
the properties of commutators of unclosed metric form, which enter into the 
evolutionary form commutators. 

Distinction between differentials of exterior and evolutionary forms. 

The evolutionary differential form of degree p (p-form) is written similarly to 
exterior differential form. But the evolutionary form differential cannot be writ¬ 
ten similarly to that presented for exterior differential forms. In the evolutionary 
form differential there appears an additional term connected with the fact that 
the basis of evolutionary form changes. For differential forms defined on the 
manifold with unclosed metric form one has d{dx°‘^ A dx°'^ A ... A dx°‘p) ^ 0. 
(For differential forms defined on the manifold with closed metric form one has 
c?(cix“i A A ... A cix“'>) = 0). For this reason the differential of the evolu¬ 
tionary form QP can be written as 

d9^= ^ daa^...apf\dx°‘^ Adx°"^ .. .f\dx°‘^+ ^ aa^„,a^d{dx°‘^ Adx°''^ .. .Adx°‘^) 

til...Op til...tip 

(9) 
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where the second term is a differential of unclosed metric form of nonzero value. 

[In further presentation the symbol of summing ^ and the symbol of exterior 
multiplication A will be omitted. Summation over repeated indices will be 
implied.] 

The second term connected with the differential of the basis can be expressed 
in terms of the metric form commutator. 

For example, let us consider the hrst-degree form 6 = aadx°^. The differential 
of this form can be written as 


dO = Kaf}dx°‘dx^ (10) 

where — o,a-,i 3 are the components of commutator of the form 9, 

and a/ 3 ;Q,, aa-,fd are covariant derivatives. If we express the covariant derivatives 
in terms of the connectedness (if it is possible), they can be written as ap-a = 
dap/dx^^ + where the hrst term results from differentiating the form 

coefficients, and the second term results from differentiating the basis. We 
arrive at the following expression for the commutator components of the form 9 

'f.» = (|^-|)|) + (rA-rS>. (11) 

Here the expressions (F^^ — F[][^) entered into the second term are just the 
components of commutator of the first-degree metric form. 

If to substitute the expressions (11) for evolutionary form commutator into 
formula (10), we obtain the following expression for differential of the hrst degree 
skew-symmetric form 

^ (1^ “ Is) “ Kp)aa) dx°‘dx<^ (12) 

The second term in the expression for differential of skew-symmetric form is 
connected with the differential of the manifold metric form, which is expressed 
in terms of the metric form commutator. 

Thus, the differentials and, correspondingly, the commutators of exterior 
and evolutionary forms are of different types. In contrast to the exterior form 
commutator, the evolutionary form commutator includes two terms. These two 
terms have different nature, namely, one term is connected with the coefficients 
of evolutionary form itself, and the other term is connected with differential 
characteristics of manifold. Interaction between terms of the evolutionary form 
commutator (interactions between coefficients of evolutionary form and its basis) 
provides the foundation of evolutionary processes that lead to generation of 
closed inexact exterior forms. 

Properties of evolutionary forms. 

Above it has been shown that the evolutionary form commutator includes 
the commutator of the manifold metric form which is nonzero. Therefore, the 
evolutionary form commutator cannot be equal to zero. This means that the 
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evolutionary form differential is nonzero. Hence, the evolutionary form, in con¬ 
trast to the case of the exterior form, cannot be closed. This leads to that in the 
mathematical apparatus of evolutionary forms there arise new unconventional 
elements like nonidentical relations and degenerate transformations. Just such 
peculiarities allow to describe evolutionary processes. 

Nonidentical relations of the evolutionary form theory, as well as identical 
relations of the theory of closed exterior forms, are relations between the dif¬ 
ferential and the skew-symmetric form. In the right-hand side of the identical 
relation of exterior forms (see relation (8)) it stands a closed form, which is 
a differential as well as the left-hand side. And in the right-hand of the non¬ 
identical relation of evolutionary form it stands the evolutionary form that is 
not closed and, hence, cannot be a differential like the left-hand side. Such a 
relation cannot be identical one. 

Nonidentical relations are obtained while describing any processes in terms 
of differential equations. (In Appendix 1 we present an example of a qualitative 
investigation of differential equations.) The relation of such type is obtained, for 
example, while analyzing the integrability of the partial differential equation. 
The equation is integrable if it can be reduced to the form d(j) = dU. However 
it appears that, if the equation is not subject to an additional condition (the 
integrability condition), the right-hand side turns out to be an unclosed form 
and it cannot be expressed as a differential. 

Nonidentical relations of evolutionary forms are evolutionary relations be¬ 
cause they include the evolutionary form. Such nonidentical evolutionary rela¬ 
tions appear to be selfvarying ones. A variation of any object of the relation 
in some process leads to a variation of another object and, in turn, a variation 
of the latter leads to a variation of the former. Since one of the objects is a 
noninvariant (i.e. unmeasurable) quantity, the other cannot be compared with 
the first one, and hence, the process of mutual variation cannot be completed. 

The nonidentity of evolutionary relation is connected with a nonclosure of the 
evolutionary form, that is, it is connected with the fact that the evolutionary 
form commutator is nonzero. As it has been pointed out, the evolutionary 
form commutator includes two terms: one term specifies the mutual variations 
of the evolutionary form coefficients, and the second term (the metric form 
commutator) specifies the manifold deformation. These terms have a different 
nature and cannot make the commutator vanish. In the process of selfvariation 
of the nonidentical evolutionary relation it proceeds an exchange between the 
terms of the evolutionary form commutator and this is realized according to the 
evolutionary relation. The evolutionary form commutator describes a quantity 
that is a moving force of the evolutionary process. 

The significance of the evolutionary relation selfvariation consists in the fact 
that in such a process it can be realized the conditions of degenerate trans¬ 
formation under which the closed inexact exterior form is obtained from the 
evolutionary form, and from nonidentical relation the identical relation is ob¬ 
tained. 

Analysis of the mathematical physics equations describ- 
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ing physical processes in material media with the help of 
evolutionary forms 

Exterior and evolutionary forms enable one to investigate the integrability 
of differential equations. This is due to the fact that they make it possible to 
study the conjugacy of the equations or their derivatives. The type of solutions 
to differential equations depends on the conjugacy. Solutions are invariant if 
the equations and their derivatives are conjugated ones. If this is not fulfilled, 
the solutions prove to be noninvariant, namely, they are functionals rather then 
functions. 

The qualitative analysis of the equations of mathematical physics with the 
help of differential forms shows that any differential equations describing any 
processes turn out to be nonintegrable without additional conditions. Additional 
conditions under which the equations become integrable can be realized only 
discretely. This points to the fact that the solutions of any differential equations 
of mathematical physics describing physical processes can be only generalized 
(discrete) ones (see Appendix 1). These are precisely generalized solutions that 
describe various structures. 

The importance of evolutionary forms consists in the fact that they allow not 
only to investigate an integrability of the equations and functional properties of 
the solutions. They also allow to describe the process of realization of invariant 
solutions in itself and thereby to describe the process of origination of physical 
structures and to disclose the mechanism of processes like turbulence, generation 
of waves and vortices, creation of massless particles, and so on. 

Below we will carry out the analysis of the equations of mathematical physics, 
which describe physical processes in material media. These are precisely mate¬ 
rial media that generate physical structures making up physical fields. 

It will be shown that the closed exterior forms, which correspond to the con¬ 
servation laws for physical fields and describe physical structures, are obtained 
from the evolutionary forms that are connected with the equations of conser¬ 
vation laws for material media. The conservation laws for material media are 
balance (differential) conservation laws. The process of obtaining closed exterior 
forms from evolutionary ones just describes the process of generating physical 
structures by material media. These conclusions follow from the analysis of the 
equations of balance conservation laws with the help of differential forms. 

[Sometimes below it will be used a double notation in subtitles, one in ref¬ 
erence to physical meaning and another in reference to mathematical meaning.] 

Connection of evolutionary forms with the balance conservation 
laws. 

The balance conservation laws are those that establish the balance between 
the variation of a physical quantity and the corresponding external action. These 
are the conservation laws for material systems (material media) [9]. 

The balance conservation laws are the conservation laws for energy, linear 
momentum, angular momentum, and mass. 

The equations of the balance conservation laws are differential (or integral) 
equations that describe a variation of functions corresponding to physical quan- 
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titles [10-13]. (The specific forms of these equations for thermodynamical and 
gas dynamical material systems and the systems of charged particles will be 
presented in the Appendix 2). 

But it appears that, even without a knowledge of the concrete form of these 
equations, with the help of the differential forms one can see specific features of 
these equations that elucidate the properties of the balance conservation laws. 
To do so it is necessary to study the conjugacy (consistency) of these equations. 

Equations are conjugate if they can be contracted into identical relations for 
the differential, i.e. for a closed form. 

Let us analyze the equations that describe the balance conservation laws for 
energy and linear momentum. 

We introduce two frames of reference: the first is an inertial one (this frame 
of reference is not connected with the material system), and the second is an 
accompanying one (this system is connected with the manifold built by the 
trajectories of the material system elements). The energy equation in the inertial 
frame of reference can be reduced to the form: 



where D/Dt is the total derivative with respect to time, ip is the functional of 
the state that specifies the material system (every material system has its own 
functional of the state), A is the quantity that depends on specific features of the 
system and on external energy actions onto the system. {The action functional, 
entropy, wave function can be regarded as examples of the functional ip. Thus, 
the equation for energy presented in terms of the action functional S has a 
similar form: DS/Dt = L, where ip = S, A = L is the Lagrange function. In 
mechanics of continuous media the equation for energy of an ideal gas can be 
presented in the form [13]: Ds/Dt = 0, where s is entropy. In this case ip = s, 
A = 0. It is worth noting that the examples presented show that the action 
functional and entropy play the same role.} 

In the accompanying frame of reference the total derivative with respect to 
time is transformed into the derivative along the trajectory. Equation of energy 
is now written in the form 


dip 


= Ai 


(13) 


Here ip is the functional specifying the state of material system, is the 
coordinate along the trajectory, Ai is the quantity that depends on specific 
features of material system and on external (with respect to local domain of 
material system) energy actions onto the system. 

In a similar manner, in the accompanying reference system the equation for 
linear momentum appears to be reduced to the equation of the form 


dip 


= A. 


ly = 2, 


(14) 


where P,'' are the coordinates in the direction normal to the trajectory, A^, are 
the quantities that depend on the specific features of material system and on 
external force actions. 
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Eqs. (13) and (14) can be convoluted into the relation 


dip = {fj, = 1, v) (15) 

where dip is the differential expression dip = {dip/. 

Relation (15) can be written as 

dip = oj (16) 

here oj = d^^ is the skew-symmetrical differential form of the first degree. 

Since the balance conservation laws are evolutionary ones, the relation ob¬ 
tained is also an evolutionary relation. 

Relation (16) has been obtained from the equation of the balance conserva¬ 
tion laws for energy and linear momentum. In this relation the form u is that 
of the first degree. If the equations of the balance conservation laws for angular 
momentum be added to the equations for energy and linear momentum, this 
form in the evolutionary relation will be a form of the second degree. And in 
combination with the equation of the balance conservation law for mass this 
form will be a form of degree 3. 

Thus, in general case the evolutionary relation can be written as 

dip = ujP (17) 

where the form degree p takes the values p = 0,1,2, 3.. (The evolutionary 
relation for p = 0 is similar to that in the differential forms, and it was obtained 
from the interaction of energy and time.) 

Let us show that relation obtained from the equation of the balance conser¬ 
vation laws proves to be nonidentical. 

To do so we shall analyze relation (16). 

In the left-hand side of relation (16) there is a differential that is a closed 
form. This form is an invariant object. The right-hand side of relation (16) 
involves the differential form lo that is not an invariant object because in real 
processes, as it will be shown below, this form proves to be unclosed. The 
commutator of this form is nonzero. The components of commutator of the 
form uj = Af^d^P" can be written as follows: 

rv _ f 9Aa 

(here the term connected with the manifold metric form has not yet been taken 
into account). 

The coefficients of the form uj have to be obtained either from the equa¬ 
tion of the balance conservation law for energy or from that for linear momen¬ 
tum. This means that in the first case the coefficients depend on the energetic 
action and in the second case they depend on the force action. In actual pro¬ 
cesses energetic and force actions have different nature and appear to be in¬ 
consistent. The commutator of the form lo consisted of the derivatives of such 
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coefficients is nonzero. This means that the differential of the form oj is nonzero 
as well. Thus, the form oj proves to be unclosed and cannot be a differential like 
the left-hand side. This means that relation (16) cannot be an identical one. 

In a similar manner one can prove the nonidentity of relation (17). 

Hence, without a knowledge of particular expression for the form w, one 
can argue that for actual processes the relation obtained from the equations 
corresponding to the balance conservation laws proves to be nonidentical. 

Physical meaning of nonidentical evolutionary relation. 

The nonidentity of evolutionary relation means that the balance conservation 
law equations are inconsistent. And this indicates that the balance conservation 
laws are noncommutative. (If the balance conservation laws be commutative, 
the equations would be consistent and the evolutionary relation would be iden¬ 
tical). 

To what such a noncommutativity of the balance conservation laws leads? 

Nonidentical evolutionary relation obtained from the equations of the bal¬ 
ance conservation laws involves the functional that specifies the material system 
state. However, since this relation turns out to be not identical, from this rela¬ 
tion one cannot get the differential dtp that could point out to the equilibrium 
state of material system. The absence of differential means that the system 
state is nonequilibrium. That is, due to noncommutativity of the balance con¬ 
servation laws the material system state turns out to be nonequilibrium under 
effect of external actions. This points out to the fact that in material system 
the internal force acts. (External actions onto local domain of material system 
lead to emergency of internal forces in local domain.) 

The action of internal force leads to a distortion of trajectories of material 
system. The manifold made up by the trajectories (the accompanying mani¬ 
fold) turns out to be a deforming manifold. The differential form uj, as well 
as the forms defined on such manifold, appear to be evolutionary forms. 
Commutators of these forms will contain an additional term connected with the 
commutator of unclosed metric form of manifold, which specifies the manifold 
deformation. 

Selfvariation of nonidentical evolutionary relation. (Selfvariation 
of nonequilibrium state of material system.) 

The availability of two terms in the commutator of the form and the 
nonidentity of evolutionary relation lead to that the relation obtained from the 
balance conservation law equations turns out to be a selfvarying relation. 

Selfvariation of nonidentical evolutionary relation points to the fact that the 
nonequilibrium state of material system turns out to be selfvarying. State of 
material system changes but remains nonequilibrium during this process. 

It is evident that this selfvariation proceeds under the action of internal 
force whose quantity is described by the commutator of the unclosed evolution¬ 
ary form oj'P. (If the commutator be zero, the evolutionary relation would be 
identical, and this would point to the equilibrium state, i.e. the absence of in- 
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ternal forces.) Everything that gives a contribution into the commutator of the 
form ujP leads to emergency of internal force. 

What is the result of such a process of selfvarying the nonequilibrium state 
of material system? 

Degenerate transformation. Emergency of closed exterior forms. 
(Origination of physical structures.) 

The significance of the evolutionary relation selfvariation consists in the fact 
that in such a process it can be realized conditions under which the closed 
exterior form is obtained from the evolutionary form. 

These are conditions of degenerate transformation. Since the differential of 
evolutionary form, which is unclosed, is nonzero, but the differential of closed ex¬ 
terior form equals zero, the transition from evolutionary form to closed exterior 
form is possible only as a degenerate transformation, namely, a transformation 
that does not conserve the differential. And this transition is possible exclusively 
to closed inexact exterior form, i.e. to the external form being closed on pseu¬ 
dostructure. The conditions of degenerate transformation are those of vanishing 
the commutator (interior one) of the metric form defining the pseudostructure, 
in other words, the closure conditions for dual form. 

As it has been already mentioned, the evolutionary differential form ui'^, 
involved into nonidentical relation (17) is an unclosed one. The commutator of 
this form, and hence the differential, are nonzero. That is, 

dujP ^ 0 (18) 

If the conditions of degenerate transformation are realized, then from the un¬ 
closed evolutionary form one can obtain the differential form closed on pseu¬ 
dostructure. The differential of this form equals zero. That is, it is realized the 
transition dcoP 7 ^ 0 ^ (degenerate transformation) ^ = 0 , = 0 

The relations obtained 


d^ujP = 0,d^*uiP = 0 (19) 

are the closure conditions for exterior inexact form. This means that it is realized 
the exterior form closed on pseudostructure. 

The realization of closed (on pseudostructure) inexact exterior form points 
to emergency of physical structure [14]. 

To the degenerate transformation it must correspond a vanishing of some 
functional expressions, such as Jacobians, determinants, the Poisson brackets, 
residues and others. Vanishing these functional expressions is the closure con¬ 
dition for dual form. 

The conditions of degenerate transformation that lead to emergency of closed 
inexact exterior form are connected with any symmetries. Since these condi¬ 
tions are conditions of vanishing the interior differential of the metric form, i.e. 
vanishing the interior (rather than total) metric form commutator, the condi¬ 
tions of degenerate transformation can be caused by symmetries of coefficients 
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of the metric form commutator (for example, these can be symmetrical connect¬ 
ednesses) . 

While describing material system the symmetries can be due to degrees 
of freedom of material system. The translational degrees of freedom, internal 
degrees of freedom of the system elements, and so on can be examples of such 
degrees of freedom. 

And it should be emphasized once more that the degenerate transformation 
is realized as a transition from the accompanying noninertial coordinate system 
to the locally inertial system. The evolutionary form is defined in the noninertial 
frame of reference (deforming manifold). But the closed exterior form formatted 
is obtained with respect to the locally-inertial frame of reference (pseudostruc¬ 
ture). 

The conditions of degenerate transformation (vanishing the dual form com¬ 
mutator) define a pseudostructure. These conditions specify the derivative of 
implicit function, which defines the direction of pseudostructure. 

The speeds of various waves are examples of such derivatives: the speed of 
light, the speed of sound and of electromagnetic waves (see the Appendix), the 
speed of creating particles and so on. 

It can be shown that the equations for surfaces of potential (of simple layer, 
double layer), equations for one, two, ... eikonals, of the characteristic and of 
the characteristic surfaces, the residue equations and so on serve as the equations 
for pseudostructures. 

The mechanism of creating the pseudostructures lies at the basis of forming 
the pseudometric surfaces and their transition into the metric spaces (see below). 

Obtaining identical relation from nonidentical one. (Transition of 
material system into a locally equilibrium state.) 

On the pseudostructure tt evolutionary relation (17) converts into the rela¬ 
tion 

d^f) = ujP ( 20 ) 

which proves to be an identical relation. Indeed, since the form wj is a closed 
one, on the pseudostructure this form turns out to be a differential of some 
differential form. In other words, this form can be written asoj^ = d^^O. Relation 
(20) is now written as 

dT^ip = dT^O 

There are differentials in the left-hand and right-hand sides of this relation. This 
means that the relation is an identical one. 

Thus one can see that under degenerate transformation from evolutionary 
relation the relation identical on pseudostructure is obtained. Here it should 
be emphasized that in this case the evolutionary relation itself remains to be 
nonidentical one. The differential, which equals zero, is an interior one. The 
evolutionary form commutator vanishes only on pseudostructure. The total 
evolutionary form commutator is nonzero. That is, under degenerate trans¬ 
formation the evolutionary form differential vanishes only on pseudostructure. 
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The total differential of the evolutionary form is nonzero. The evolutionary 
form remains to be unclosed. 

From relation (20) one can obtain a differential which specifies the state of 
material system (and the state function), and this corresponds to equilibrium 
state of the system. But identical relation can be realized only on pseudostruc¬ 
ture (which is specified by the condition of degenerate transformation). This 
means that the transition of material system to equilibrium state proceeds only 
locally (in the local domain of material system). In other words, it is realized the 
transition of material system from nonequilibrium state to locally equilibrium 
one. In this case the global state of material system remains to be nonequilib¬ 
rium. 

The transition from nonidentical relation (17) obtained from the balance con¬ 
servation laws to identical relation (20) means the following. Firstly, an emer¬ 
gency of the closed (on pseudostructure) inexact exterior form (right-hand side 
of relation (20)) points to an origination of physical structure. And, secondly, an 
existence of the state differential (left-hand side of relation (20)) points to a tran¬ 
sition of material system from nonequilibrium state to the locally-equilibrium 
state. 

Thus one can see that the transition of material system from nonequilib¬ 
rium state to locally-equilibrium state is accompanied by originating differential- 
geometrical structures, which are physical structures. 

The emergency of physical structures in the evolutionary process reveals in 
material system as an emergency of certain observable formations, which de¬ 
velop spontaneously. Such formations and their manifestations are fluctuations, 
turbulent pulsations, waves, vortices, creating massless particles, and others. 
The intensity of such formations is controlled by a quantity accumulated by 
the evolutionary form commutator at the instant in time of originating physical 
structures. 

Here the following should be pointed out. Physical structures are generated 
by local domains of material system. They are elementary physical structures. 
By combining with one another they can form large-scale structures and physical 
fields. 

The availability of physical structures points out to fulfilment of conservation 
laws. These are conservation laws for physical fields. The process of generating 
physical structures (forming physical fields) demonstrates a connection of these 
conservation laws, which had been named as exact ones, with the balance (dif¬ 
ferential) conservation laws for material media. The physical structures that 
correspond to the exact conservation laws are produced by material system in 
the evolutionary processes, which are based on the interaction of noncommuta- 
tive balance conservation laws. 

Noncommutativity of balance conservation laws for material media and their 
controlling role in evolutionary processes accompanied by emerging physical struc¬ 
tures practically have not been taken into account in the explicit form anywhere. 
The mathematical apparatus of evolutionary differential forms enables one to 
take into account and to describe these points [9]. 


17 



Physical meaning of the duality of closed exterior forms as conser¬ 
vative quantities and as potential forces. (Potential forces) 

The duality of closed exterior forms as conservative quantities and as po¬ 
tential forces points to that an unmeasurable quantity, which is described by 
the evolutionary form commutator (recall, that all external, with respect to lo¬ 
cal domain, actions make a contribution into this commutator) and acts as an 
internal force, is converted into a measurable quantity that acts as a potential 
force. 

Where, from what, and on what the potential force acts? 

The potential force is an action of created (quantum) formation onto the 
local domains of the material system over which it is translated. And if the 
internal force acts in the interior of the local domain of material system (and it 
caused that to deform), the potential force acts onto the neighboring domain. 
The local domain gets rid of its internal force and modifies that into a potential 
force which acts onto neighboring domains. An unmeasurable quantity, that acts 
in local domain as an internal force, is transformed into a measurable quantity 
of the observable formation (and the physical structure as well) that is emitted 
from the local domain and acts onto neighboring domain as a force equal to this 
quantity. 

If the external actions equal zero (the evolutionary form commutator be 
equal to zero), then internal and potential forces equal zero. 

Thus, one has to distinguish the forces of three types: 1) external forces 
(the actions being external with respect to local domain), 2) internal forces 
that originate in local domains of material system due to the fact that the 
physical quantities of material system changed by external actions turn out 
to be inconsistent, and 3) the potential forces are forces of the action of the 
formations (corresponding to physical structures) onto material system. 

The potential force, whose value is conditioned by the quantity of the com¬ 
mutator of the evolutionary form at the instant of the formation production, 
acts normally to the pseudostructure, i.e. with respect to the integrating di¬ 
rection, along which the interior differential (the closed form) is formed. The 
potential forces are described, for example, by jumps of derivatives in the direc¬ 
tion normal to characteristics, to potential surfaces and so on. This corresponds 
to the fact that the evolutionary form commutators along these directions are 
nonzero. 

The duality of closed inexact form as a conservative quantity and as a poten¬ 
tial force shows that potential forces are the action of formations corresponding 
to physical structures onto material system. 

Connection of the characteristics of the structures originated with 
the characteristics of differential forms. (Characteristics of physical 
structures and the formation created) 

Since the closed inexact exterior form corresponding to physical structure 
was obtained from the evolutionary form, it is evident that the characteristics of 
physical structure originated has to be connected with those of the evolutionary 
form and of the manifold on which this form is dehned as well as with the 
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conditions of degenerate transformation and with the values of commutators of 
the evolutionary form and the manifold metric form. 

The conditions of degenerate transformation, i.e. symmetries caused by 
degrees of freedom of material system, determine the equation for pseudostruc¬ 
tures. 

The closed exterior forms corresponding to physical structures are conserva¬ 
tive quantities. These conservative quantities describe certain charges. 

The first term of the commutator of evolutionary form determines the value 
of discrete change (the quantum), which the quantity conserved on the pseu¬ 
dostructure undergoes during transition from one pseudostructure to another. 
The second term of the evolutionary form commutator specifies a characteristics 
that fixes the character of the manifold deformation, which took place before 
physical structure emerged. (Spin is an example of such a characteristics). 

Characteristics of physical structures depends in addition on the properties 
of material system generating these structures. 

The closed exterior forms obtained correspond to the state differential for 
material system. The differentials of entropy, action, potential and others are 
examples of such differentials. 

As it was already mentioned, in material system the created physical struc¬ 
ture is revealed as an observable formation. It is evident that the characteristics 
of the formation, as well as those of created physical structure, are determined 
by the evolutionary form and its commutator and by the material system char¬ 
acteristics. 

It can be shown that the following correspondence between characteristics 
of the formations emerged and characteristics of evolutionary forms, of the evo¬ 
lutionary form commutators and of material system is established: 

1 ) an intensity of the formation (a potential force) ^ the value of the first 
term in the commutator of evolutionary form at the instant when the formation 
is created; 

2 ) vorticity (an analog of spin) ^ the second term in the eommutator that 
is connected with the metric form commutator, 

3) an absolute speed of propagation of created formation (the speed in the 
inertial frame of reference) ^ additional conditions connected with degrees of 
freedom of material system; 

4) a speed of the formation propagation relative to material system ^ addi¬ 
tional conditions connected with degrees of freedom of material system plus the 
velocity of elements of local domain. 

Parameters of differential forms. (Classification of physical struc¬ 
tures) 

The connection of physics structures with skew-symmetric differential forms 
allows to introduce a classification of these structures in dependence on param¬ 
eters that specify skew-symmetric differential forms and enter into nonidentical 
and identical relation. To determine these parameters one has to consider the 
problem of integration of nonidentical evolutionary relation. 
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Since the identical relation obtained from nonidentical evolutionary rela¬ 
tion contains only differential and the closed form also is a differential, one can 
integrate (on pseudostructure) this relation and obtain a relation with the dif¬ 
ferential forms of less by one degree. From the relation obtained, which will 
be nonidentical one, under degenerate transformation it can be obtained new 
identical relation that can be integrated once more. 

Thus, from the nonidentical relation, which contains the evolutionary form 
of degrees p, it can be obtained identical relations with closed inexact forms of 
degrees k, where k ranges from p to 0. That is, evolutionary forms of degree p 
can generate closed inexact forms of degrees k = p, k = p—1, ..., k = 0. Under 
degenerate conditions from closed inexact forms of zero degree it is obtained an 
exact exterior form of zero degree which the metric structure corresponds to. 

In addition to these parameters, another parameter appears, namely, the 
dimension of space n If the evolutionary relation generates the closed forms of 
degrees k = p, k = p—1, ..., fc = 0, to them there correspond the pseudostruc¬ 
tures of dimensions {n + 1 — k). 

The parameters of evolutionary and exterior forms that follow from the 
evolutionary forms allow to introduce a classification of physical structures that 
defines a type of physical structures and, accordingly, of physical fields and 
interactions. 

The type of physical structures (and, accordingly, of physical fields) gener¬ 
ated by the evolutionary relation depends on the degree of differential forms p 
and k and on the dimension of original inertial space n. (Here p is the degree of 
evolutionary form in nonidentical relation that is connected with a number of 
interacting balance conservation laws, and k is the degree of closed form gener¬ 
ated by nonidentical relation. Recall that the interaction of balance conservation 
laws for energy and linear momentum corresponds to the value p = 1, with the 
balance conservation law for angular momentum in addition this corresponds 
to the value p = 2, and with the balance conservation law for mass in addition 
it corresponds to the value p = 3. The value p = 0 corresponds to interaction 
between time and the balance conservation law for energy.) 

By introducing a classification by numbers p, k, n one can understand the 
internal connection between various physical fields. Since physical fields are 
the carriers of interactions, such classification enables one to see a connection 
between interactions. 

On the basis of the properties of evolutionary forms that correspond to the 
conservation laws, one can suppose that such a classification may be presented 
in the form of the table given below. This table corresponds to elementary 
particles. 

{It should be emphasized the following. Here the concept of “interaction” 
is used in a twofold meaning: an interaction of the balance conservation laws 
that relates to material systems, and the physical concept of “interaction” that 
relates to physical fields and reflects the interactions of physical structures, 
namely, it is connected with exact conservation laws}. 

TABLE 
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interaction k\p, n 


0 


1 


2 


3 


graviton 


gravitation 

3 




electron 

proton 

neutron 

photon 

electro¬ 

magnetic 

2 



photon2 

fr 

electron 

proton 

neutrino 

photon3 

weak 

1 


neutrinol 

fr 

electron 

quanta 

neutrino2 

neutrino3 

strong 

0 

quant aO 

quarks? 

quantal 

quant a2 

quant a3 

particles 

exact 

electron 



deuteron? 

material 

nucleons? 

forms 

proton 

neutron 

N 


1 

time 

2 

time-f 

1 coord. 

3 

time-f 

2 coord. 

4 

time-f 

3 coord. 


In the Table the names of the particles created are given. Numbers placed 
near particle names correspond to the space dimension. Under the names of 
particles the sources of interactions are presented. In the next to the last row 
we present particles with mass (the elements of material system) formed by 
interactions (the exact forms of zero degree obtained by sequential integrating 
the evolutionary relations with the evolutionary forms of degree p corresponding 
to these particles). In the bottom row the dimension of the metric structure 
created is presented. 

From the Table one can see the correspondence between the degree k of the 
closed forms realized and the type of interactions. Thus, fc = 0 corresponds to 
strong interaction, k = 1 corresponds to weak interaction, k = 2 corresponds to 
electromagnetic interaction, and k = 3 corresponds to gravitational interaction. 
The degree k of the closed forms realized and the number of interacting balance 
conservation laws determine the type of interactions and the type of particles 
created. The properties of particles are governed by the space dimension. The 
last property is connected with the fact that closed forms of equal degrees k, 
but obtained from the evolutionary relations acting in spaces of different dimen¬ 
sions n, are distinctive because they are defined on pseudostructures of different 
dimensions (the dimension of pseudostructure {n + 1 — k) depends on the di¬ 
mension of initial space n). For this reason the realized physical structures with 
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closed forms of equal degrees k are distinctive in their properties. 

The parameters p, k, n can range from 0 to 3. They determine some com¬ 
pleted cycle. The cycle involves four levels, to each of which there correspond 
their own values of p (p = 0,1, 2, 3) and space dimension n. 

In the Table one cycle of forming physical structures is presented. Each 
material system has his own completed cycle. This distinguishes one material 
system from another system. One completed cycle can serve as the beginning of 
another cycle (the structures formed in the preceding cycle serve as the sources 
of interactions for beginning a new cycle). This may mean that one material sys¬ 
tem (medium) proves to be imbedded into the other material system (medium). 
The sequential cycles reflect the properties of sequentially imbedded material 
systems. And yet a given level has specific properties that are inherent charac¬ 
teristics of the same level in another cycles. This can be seen, for example, from 
comparison of the cycle described and the cycle in which to the exact forms there 
correspond conductors, semiconductors, dielectrics, and neutral elements. The 
properties of elements of the third level, namely, of neutrons in one cycle and 
of dielectrics in another, are identical to the properties of so called ’’magnetic 
monopole” [15,16]. 

Forming pseudometric and metric spaces 

The mechanism of creating the pseudostructures lies at the basis of forming 
the pseudometric surfaces and their transition into metric spaces [17]. (It should 
be pointed out that the eigenvalues and the coupling constants appear as the 
conjugacy conditions for exterior or dual forms, the numerical constants are the 
conjugacy conditions for exact forms.) 

It was shown above that the evolutionary relation of degree p can generate (in 
the presence of degenerate transformations) closed forms of the degrees p,p — 

1.. ..0. While generating closed forms of sequential degrees k = p,k = p — 

1.. .,fc = 0 the pseudostructures of dimensions {n + 1 — k): l,...,n-|-l are 
obtained. As a result of transition to the exact closed form of zero degree the 
metric structure of the dimension n-f 1 is obtained. Under influence of external 
action (and in the presence of degrees of freedom) the material system can 
transfer the initial inertial space into the space of the dimension n 

Sections of the cotangent bundles (Yang-Mills fields), cohomologies by de 
Rham, singular cohomologies, pseudo-Riemannian and pseudo-Euclidean spaces, 
and others are examples of psedustructures and spaces that are formed by pseu¬ 
dostructures. Euclidean and Riemannian spaces are examples of metric mani¬ 
folds that are obtained when going to the exact forms. 

What can be said about the pseudo-Riemannian manifold and Riemannian 
space? 

The distinctive property of the Riemannian manifold is an availability of the 
curvature. This means that the metric form commutator of the third degree 
is nonzero. Hence, the commutator of the evolutionary form of third degree 
{p = 3), which involves into itself the metric form commutator, is not equal to 
zero. That is, the evolutionary form that enters into the evolutionary relation 
is unclosed, and the relation is nonidentical one. 


22 



When realizing pseudostructures of the dimensions 1,2,3,4 and obtaining 
the closed inexact forms of the degrees k = 3,k = 2,k = l,k = 0 the pseudo- 
Riemannian space is formed, and the transition to the exact form of zero degree 
corresponds to the transition to the Riemannian space. 

It is well known that while obtaining the Einstein equations it was suggested 
that there are fulfilled the conditions [6,18]: 1) the Bianchi identity is satisfied, 
2) the coefficients of connectedness are symmetric, 3) the condition that the 
coefficients of connectedness are the Christoffel symbols, and 4) an existence of 
the transformation under which the coefficients of connectedness vanish. These 
conditions are the conditions of realization of degenerate transformations for 
nonidentical relations obtained from the evolutionary nonidentical relation with 
evolutionary form of the degree p = 3 and after going to the identical relations. 
In this case to the Einstein equation the identical relations with forms of the 
first degree are assigned. 


Conclusion 

Results of the analysis carried out have shown the following. 

Invariant and covariant properties of closed exterior and dual forms, which 
correspond to the conservation laws for physical fields, make up the foundations 
of field theories. The field theories operators are built on the basis of gauge 
transformations of closed exterior forms. Properties of closed exterior and dual 
forms explicitly or implicitly manifest themselves essentially in all formalisms of 
field theories. The degrees of closed exterior forms establish the classification of 
physical fields and interactions, and this discloses an internal connection between 
various physical fields and a common basis of corresponding field theories. This 
shows that the theory of closed exterior forms can be useful in establishing the 
unified field theory. 

Evolutionary forms, which are obtained from the equations of balance con¬ 
servation laws for material media, answer the question of how are realized the 
closed exterior forms that correspond to field theories. 

This explains the process of originating physical fields and gives the answer 
to many questions of field theories. 

Eirstly, this shows that physical fields are generated by material media. The 
conservation laws for material media, i.e. the balance conservation laws for 
energy, linear momentum, angular momentum, and mass, which are noncom- 
mutative ones, play a controlling role in these processes. This is precisely the 
noncommutativity of the balance conservation laws produced by external ac¬ 
tions onto material system, which is a moving force of evolutionary processes 
leading to emergency of physical structures (to which exact conservation laws 
are assigned). And thus the causality of physical processes and phenomena is 
explained. Since physical fields are made up by discrete physical structures, this 
points to a quantum character of field theories. 

Secondly, it becomes clear a connection of field theory with the equations of 
mathematical physics describing physical processes in material media. The pos¬ 
tulates, which field theories are built on, are the closure conditions for exterior 
forms obtained from the evolutionary forms connected with these equations. 
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The connection between closed exterior forms corresponding to field theories 
and the evolutionary forms obtained from the equations for material media 
discloses a meaning of the field theory parameters. They relate to the number 
(p) of interacting noncommutative balance conservation laws and to the degrees 
(fc) of closed exterior forms realized. Hence it arises a possibility to classify 
physical helds and interactions according to the parameters p and k. 

The results obtained on the basis of the theory of skew-symmetric differential 
forms do not contradict to any physical theories. And yet the methodical results 
of this theory enable one to understand internal connections between physical 
fields, between physical fields and material media, between field theories and the 
equations of mathematical physics, to understand a mechanism of emergency of 
physical structures and the causality of physical processes and phenomena. 

The theory of skew-symmetric differential forms, which unites the theory 
of closed exterior forms constituting the basis of field theories and the theory 
of evolutionary forms generating closed inexact exterior forms, can serve as an 
approach to the general field theory. Such a theory enables one not only to 
describe physical fields, but also shows how the physical fields are produced, 
what generates them, and what is a cause of these processes. 

Below in Appendices the example of qualitative investigation of the solutions 
to differential equations and the analysis of the principles of thermodynamics, 
the equations for gas dynamic system and the equations of electromagnetic field 
with the help of skew-symmetric differential forms are presented. 
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Appendix 1 

Qualitative investigation of the solutions 
of differential equations 

The presented method of investigating the solutions to differential equations 
is not new. Such an approach was developed by Cartan [19] in his analysis 
of the integrability of differential equations. Here this approach is outlined to 
demonstrate the role of skew-symmetric differential forms. 

The basic idea of the qualitative investigation of the solutions to differential 
equations can be clarihed by the example of the first-order partial differential 
equation. 
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Let 


F{x^, u, Pi) =0, Pi = dujdx'' (^1-1) 

be the partial differential equation of the first order. Let us consider the func¬ 
tional relation 

du = 9 (^1-2) 

where 6 = pi dx* (the summation over repeated indices is implied). Here 9 = 
Pi dx* is the differential form of the first degree. 

The specific feature of functional relation (A1.2) is that in the general case 
this relation turns out to be nonidentical. 

The left-hand side of this relation involves a differential, and the right-hand 
side includes the differential form 9 = pidx'^. For this relation to be identical, 
the differential form 9 = pi dx* must be a differential as well (like the left- 
hand side of relation (A1.2)), that is, it has to be a closed exterior differential 
form. To do this it requires the commutator Kij = dpj/dx^ — dpijdx^ of the 
differential form 9 has to vanish. 

In general case, from equation (Al.l) it does not follow (explicitly) that 
the derivatives pi = du/dx'^, which obey to the equation (and given bound¬ 
ary or initial conditions of the problem), make up a differential. Without any 
supplementary conditions the commutator of the differential form 9 defined as 
Kij = dpjjdx’' — dpi/dx^ is not equal to zero. The form 9 = pi dx* occurs to 
be unclosed and is not a differential like the left-hand side of relation (A1.2). 
Functional relation (A1.2) appears to be nonidentical: the left-hand side of this 
relation is a differential, but the right-hand side is not a differential. (The skew- 
symmetric differential form 9 = pi dx*, which enters into functional relation 
(A1.2), is the example of evolutionary skew-symmetric differential forms.) 

The nonidentity of functional relation (A1.2) points to a fact that without 
additional conditions derivatives of the initial equation do not make up a differ¬ 
ential. This means that the corresponding solution to the differential equation 
u will not be a function of x*. It will depend on the commutator of the form 9, 
that is, it will be a functional. 

To obtain the solution that is a function (i.e., derivatives of this solution 
form a differential), it is necessary to add the closure condition for the form 
9 = pidx^ and for the dual form (in the present case the functional F plays a 
role of the form dual to d): 


f dF{x\ u, Pi) = 0 
\ d{pi dx*) = 0 


(A1.3) 


If we expand the differentials, we get a set of homogeneous equations with 
respect to dx* and dpi (in the 2 n-dimensional space - initial and tangential): 


'dF OF 
^9x* du 
dpi dx* — dx* dpi = 0 


dF 


+ —Pi] dx" + —dpt = 0 

dpi 


(A1.4) 
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The solvability conditions for this system (vanishing of the determinant com¬ 
posed of coefficients at dx*, dpi) have the form: 


dx* —dpi 

dF/dpi dF/dx^ + PidF/du 


(A1.5) 


These conditions determine an integrating direction, namely, a pseudostruc¬ 
ture, on which the form 0 = pi dx* occurs to be closed one, i.e. it becomes a 
differential, and from relation (A1.2) the identical relation is produced. If con¬ 
ditions (A1.5), that may be called the integrability conditions, are satisfied, the 
derivatives constitute a differential 6u = pidx'‘ = du (on the pseudostructure), 
and the solution becomes a function. Just such solutions, namely, functions on 
pseudostructures formed by the integrating directions, are so-called generalized 
solutions. The derivatives of the generalized solution constitute the exterior 
form, which is closed on pseudostructure. 

Since the functions that are generalized solutions are defined only on pseu¬ 
dostructures, they have discontinuities in derivatives in the directions being 
transverse to pseudostructures. The order of derivatives with discontinuities is 
equal to the exterior form degree. If the form of zero degree is involved in the 
functional relation, the function itself, being a generalized solution, will have 
discontinuities. 

If we find the characteristics of equation (Al.l), it appears that conditions 
(AI.5) are equations for characteristics [20]. That is, the characteristics are ex¬ 
amples of the pseudostructures on which the derivatives of differential equation 
constitute closed forms and the solutions turn out to be functions (generalized 
solutions). 

Here it is worth noting that coordinates of the equations for characteris¬ 
tics are not identical to independent coordinates of the initial space on which 
equation (Al.l) is dehned. The transition from initial space to characteristic 
manifold appears to be a degenerate transformation, namely, the determinant of 
the system of equations (A1.4) becomes zero. The derivatives of equation (Al.l) 
are transformed from tangent space to cotangent one. The transition from the 
tangent space, where the commutator of the form 9 is nonzero (the form is un¬ 
closed, the derivatives do not form a differential), to the characteristic manifold, 
namely, the cotangent space, where the commutator becomes equal to zero (a 
closed exterior form is formed, i.e. the derivatives make up a differential), is the 
example of degenerate transformation. 

The solutions to all differential equations have similar functional properties. 
And, if the order of differential equation is fc, the functional relation with k- 
degree form corresponds to this equation. For ordinary differential equations 
the commutator is produced at the expense of the conjugacy of derivatives of the 
functions desired and those of the initial data (the dependence of the solution 
on the initial data is governed by the commutator). 

In a similar manner one can also investigate the solutions to a system of par¬ 
tial differential equations and the solutions to ordinary differential equations (for 
which the nonconjugacy of desired functions and initial conditions is examined). 
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It can be shown that the solutions to equations of mathematical physics, 
on which no additional external conditions are imposed, are functionals. The 
solutions prove to be exact only under realization of additional requirements, 
namely, the conditions of degenerate transformations like vanishing determi¬ 
nants, Jacobians and so on, that define integral surfaces. Characteristic mani¬ 
folds, the envelopes of characteristics, singular points, potentials of simple and 
double layers, residues and others are the examples of such surfaces. 

The dependence of the solution on the commutator can lead to instability 
of the solution. Equations that do not provided with the integrability condi¬ 
tions (the conditions such as, for example, the characteristics, singular points, 
integrating factors and others) may have unstable solutions. Unstable solutions 
appear in the case when additional conditions are not realized and no exact 
solutions (their derivatives form a differential) are formed. Thus, the solutions 
to the equations of elliptic type can be unstable. 

Investigation of nonidentical functional relations lies at the basis of the qual¬ 
itative theory of differential equations. It is well known that the qualitative 
theory of differential equations is based on the analysis of unstable solutions 
and integrability conditions. From the functional relation it follows that the de¬ 
pendence of the solution on the commutator leads to instability, and the closure 
conditions of the forms constructed by derivatives are integrability conditions. 
One can see that the problem of unstable solutions and integrability conditions 
appears, in fact, to be reduced to the question of under what conditions the 
identical relation for closed form is produced from the nonidentical relation that 
corresponds to the relevant differential equation (the relation such as (A1.2)), 
the identical relation for closed form is produced. In other words, whether or 
not the solutions are functionals? This is, the analysis of the correctness of 
setting the problems of mathematical physics is reduced to the same question. 

Here the following should be emphasized. When the degenerate transforma¬ 
tion from the initial nonidentical functional relation is performed, an integrable 
identical relation is obtained. As the result of integrating, one obtains a rela¬ 
tion that contains exterior forms of less by one degree and which once again 
proves to be (in the general case without additional conditions) nonidentical. 
By integrating the functional relations obtained sequentially (it is possible only 
under realization of the degenerate transformations) from the initial functional 
relation of degree k one can obtain (fc -|- 1) functional relations each involving 
exterior forms of one of degrees: k, k — 1, ...0. In particular, for the first-order 
partial differential equation it is also necessary to analyze the functional relation 
of zero degree. 

Thus, application of skew-symmetric differential forms allows one to reveal 
the functional properties of the solutions to differential equations. 

Analysis of field equations 

Field theory is based on the conservation laws. The conservation laws are 
described by the closure conditions of the exterior differential forms. It is evident 
that the solutions to the equations of field theory describing physical fields can be 
only generalized solutions, which correspond to closed exterior differential forms. 
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The generalized solutions can have a differential equation, which is subject to 
the additional conditions. 

Let us consider what equations are obtained in this case. 

Return to equation (Al.l). Assume that the equation does not explicitly 
depend on u and is resolved with respect to some variable, for example t, that 
is, it has the form of 


^ + E{t, x\ pj) = 0, pj = ^ (A1.6) 

Then integrability conditions (A1.5) (the closure conditions of the differential 
form 6 = pidx^ and the corresponding dual form) can be written as (in this case 
dF/dpi = 1) 

dx^ dE dpj dE / 

These are the characteristic relations for equation (A1.6). As it is well 
known, the canonical relations have just such a form. 

As a result we conclude that the canonical relations are the characteristics 
of equation (A1.6) and the integrability conditions for this equation. 

The canonical relations obtained from the closure condition of the differen¬ 
tial form 6 = pidx^ and the corresponding dual form, are the examples of the 
identical relation of the theory of exterior differential forms. 

Equation (A1.6) provided with the supplementary conditions, namely, the 
canonical relations (A1.7), is called the Hamilton-Jacobi equation [20]. In other 
words, the equation whose derivatives obey the canonical relation is referred 
to as the Hamilton-Jacobi equation. The derivatives of this equation form the 
differential, i.e. the closed exterior differential form: 6u = (du/dt) dt+pj dx^ = 
—E dt -\- pj dx^ = du. 

The equations of field theory belong to this type. 


ds 

m 


+ H It, Qj, 


dqj 


= 0 , 


dqj 


= Pj 


(A1.8) 


where s is the field function for the action functional S = J Ldt. Here L is 
the Lagrange function, H is the Hamilton function: H{t, qj, pj) = pj qj — L, 
Pj = dL/dqj. The closed form ds = — H dt + Pj dqj (the Poincare invariant) 
corresponds to equation (A1.8). 

A peculiarity of the degenerate transformation can be considered by the 
example of the field equation. 

Here the degenerate transformation is a transition from the Lagrange func¬ 
tion to the Hamilton function. The equation for the Lagrange function, that 
is the Euler variational equation, was obtained from the condition SS = 0, 
where S is the action functional. In the real case, when forces are nonpotential 
or couplings are nonholonomic, the quantity dS is not a closed form, that is, 
d6S 7 ^ 0. But the Hamilton function is obtained from the condition ddS = 0 
which is the closure condition for the form 6S. The transition from the Lagrange 
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function L to the Hamilton function H (the transition from variables qj, qj to 
variables qj, pj = dL/dqj) is a transition from the tangent space, where the 
form is unclosed, to the cotangent space with a closed form. This transition is 
a degenerate one. 

The invariant field theories used only nondegenerate transformations that 
conserve a differential. There exists a relation between nondegenerate transfor¬ 
mations and degenerate transformations. In the case under consideration the 
degenerate transformation is a transition from the tangent space (qj, qj)) to 
the cotangent (characteristic) manifold {qj, pj), but the nondegenerate trans¬ 
formation is a transition from one characteristic manifold {qj, pj) to another 
characteristic manifold {Qj, Pj). {The formula of canonical transformation can 
be written as Pjdqj = PjdQj + dW, where W is the generating function}. 

Appendix 2 

The analysis of balance conservation laws for 
thermodynamic and gas dynamic systems and for 
the system of charged particles 

Thermodynamic systems 

The thermodynamics is based on the first and second principles of thermody¬ 
namics that were introduced as postulates [21]. The first principle of thermo¬ 
dynamics, which can be written in the form 

dE + dw = 6Q (^2.1) 

follows from the balance conservation laws for energy and linear momentum 
(but not only from the conservation law for energy). This is analogous to the 
evolutionary relation for the thermodynamic system. Since 6Q is not a differen¬ 
tial, relation (A2.1) which corresponds to the first principle of thermodynamics, 
as well as the evolutionary relation, appears to be a nonidentical relation. This 
points to a noncommutativity of the balance conservation laws (for energy and 
linear momentum) and to a nonequilibrium state of the thermodynamic system. 

If condition of the integrability be satisfied, from the nonidentical evolu¬ 
tionary relation, which corresponds to the first principle of thermodynamics, it 
follows an identical relation. It is an identical relation that corresponds to the 
second principle of thermodynamics. 

If dw = pdV, there is the integrating factor 9 (a quantity which depends 
only on the characteristics of the system), where 1/9 = pV/R is called the 
temperature T [21]. In this case the form {dE + pdV)/T turns out to be a 
differential (interior) of some quantity that referred to as entropy S': 

{dE + pdV)/T = dS {A2.2) 

If the integrating factor 9 = l/T has been realized, that is, relation (A2.2) 
proves to be satisfied, from relation (A2.1), which corresponds to the first prin¬ 
ciple of thermodynamics, it follows 

dS = 5Q/T (A2.3) 
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This is just the second principle of thermodynamics for reversible processes. 
This takes place when the heat input is the only action onto the system. 

If in addition to the heat input the system experiences a certain mechanical 
action (for example, an influence of boundaries), we obtain 

dS > 5Q/T {A2A) 

that corresponds to the second principle of thermodynamics for irreversible pro¬ 
cesses. 

In the case examined above the differential of entropy (rather than entropy 
itself) becomes a closed form. {In this case entropy manifests itself as the ther¬ 
modynamic potential, namely, the function of state. To the pseudostructure 
there corresponds the state equation that determines the temperature depen¬ 
dence on the thermodynamic variables}. 

For entropy to be a closed form itself, one more condition must be realized. 
Such a condition could be the realization of the integrating direction, an example 
of that is the speed of sound: = dp/dp = ')p/p. In this case it is valid the 

equality ds = d{p/p^) = 0 from which it follows that entropy s = p/p^ = 
const is a closed form (of zero degree). {However it does not mean that a state 
of the gaseous system is identically isoentropic. Entropy is constant only along 
the integrating direction (for example, on the adiabatic curve or on the front of 
the sound wave), whereas in the direction normal to the integrating direction 
the normal derivative of entropy has a break}. 


Gas dynamical systems 

We take the simplest gas dynamical system, namely, a flow of ideal (inviscous, 
heat nonconductive) gas [13]. 

Assume that the gas (the element of gas dynamic system) is a thermody¬ 
namic system in the state of local equilibrium (whenever the gas dynamic system 
itself may be in nonequilibrium state), that is, it is satisfied the relation [21] 

Tds = de + pdV {A2.5) 


where T, p and V are the temperature, the pressure and the gas volume, s and 
e are entropy and internal energy per unit volume. 

Let us introduce two frames of reference: an inertial one that is not connected 
with material system and an accompanying frame of reference that is connected 
with the manifold formed by the trajectories of the material system elements. 

The equation of the balance conservation law of energy for ideal gas can be 
written as [13] 


Dh 1 Dp 
Dt p Dt 


(A2.6) 


where D/Dt is the total derivative with respect to time (if to denote the spatial 
coordinates by xi and the velocity components by Uj, D/Dt = ( d/dt+Uid/dxi). 
Here p =1/V and h are respectively the mass and the entalpy densities of the 
gas. 
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Expressing entalpy in terms of internal energy e using the formula h = 
e + p! p and using relation (A2.5), the balance conservation law equation (A2.6) 
can be put to the form 

Wt =« 

And respectively, the equation of the balance conservation law for linear 
momentum can be presented as [13,22] 

grads = (grad/io + U x rotU - F + dV/dt)/T (A2.8) 


where U is the velocity of the gas particle, /iq = (U • U)/2 + /i, F is the mass 
force. The operator grad in this equation is defined only in the plane normal to 
the trajectory. [Here it was tolerated a certain incorrectness. Equations (A2.7), 
(A2.8) are written in different forms. This is connected with difficulties when 
deriving these equations themselves. However, this incorrectness will not effect 
on results of the qualitative analysis of the evolutionary relation obtained from 
these equations.] 

Since the total derivative with respect to time is that along the trajectory, 
in the accompanying frame of reference equations (A2.7) and (A2.8) take the 
form: 



(A2.9) 





V = 2, ... 


(A2.10) 


where is the coordinate along the trajectory, ds/d^" is the left-hand side of 
equation (A2.8), and is obtained from the right-hand side of relation (A2.8). 

{In the common case when gas is nonideal equation (A2.9) can be written 
in the form 



(A2.11) 


where Ai is an expression that depends on the energetic actions (transport phe¬ 
nomena: viscous, heat-conductive). In the case of ideal gas Ai = 0 and equa¬ 
tion (A2.12) transforms into (A2.9). In the case of the viscous heat-conductive 
gas described by a set of the Navier-Stokes equations, in the inertial frame of 
reference the expression Ai can be written as [13] 


1 d ^ m duj 

p dxi V T / pT dxi p dxk 


(A2.12) 


Here qi is the heat flux, Tki is the viscous stress tensor. In the case of reacting 
gas extra terms connected with the chemical nonequilibrium are added [13].} 
Equations (A2.9) and (A2.10) can be convoluted into the relation 


ds = A^dC (A2.13) 

where Afj,d^^ = w is the first degree differential form (here Ai = 0,/r = 1, v). 
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Relation (A2.13) is the evolutionary relation for gas dynamic system (in the 
case of local thermodynamic equilibrium). Here = s. {It worth notice that in 
the evolutionary relation for thermodynamic system the dependence of entropy 
on thermodynamic variables is investigated (see relation (A2.5)), whereas in 
the evolutionary relation for gas dynamic system the entropy dependence on 
the space-time variables is considered}. 

Relation (A2.13) appears to be nonidentical. To make it sure that this is 
true one must inspect the commutator of the form lo. 

Without accounting for terms that are connected with a deformation of the 
manifold formed by the trajectories the commutator can be written as 

From the analysis of the expression A^, and with taking into account that 
Ai = 0 one can see that terms that are related to the multiple connectedness 
of the flow domain (the second term of equation (A2.8)), the nonpotentiality 
of the external forces (the third term in (A2.8)) and the nonstationarity of the 
flow (the forth term in (A2.8)) contribute into the commutator. (The terms 
connected with transport phenomena and physical and chemical processes will 
contribute into the commutator (see expression (A2.12)).} 

Since the commutator of the form u is nonzero, it is evident that the form uj 
proves to be unclosed. This means that relation (A2.13) cannot be an identical 
one. 

Nonidentity of the evolutionary relation points to the nonequilibrium state 
and the development of the gas dynamic instability. Since the nonequilibrium 
state is produced by internal forces that are described by the commutator of 
the form uj, it becomes evident that the cause of the gas dynamic instability is 
something that contributes into the commutator of the form uj. 

One can see (see (A2.8)) that the development of instability is caused by 
not a simply connectedness of the flow domain, nonpotential external (for each 
local domain of the gas dynamic system) forces, a nonstationarity of the flow. 

All these factors lead to emergency of internal forces, that is, to nonequi¬ 
librium state and to development of various types of instability. {Transport 
phenomena and physical and chemical processes also lead to emergency of in¬ 
ternal forces and to development of instability.} 

And yet for every type of instability one can find the appropriate term giv¬ 
ing contribution to the evolutionary form commutator, which is responsible for 
this type of instability. Thus, there is an unambiguous connection between the 
type of instability and the terms that contribute to the evolutionary form com¬ 
mutator in the evolutionary relation. {In the general case one has to consider 
the evolutionary relations that correspond to the balance conservation laws for 
angular momentum and mass as well.} 

As it was shown above, under realization of additional degrees of freedom it 
can take place the transition from the nonequilibrium state to the locally equilib¬ 
rium one, and this process is accompanied by emergency of physical structures. 
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The gas dynamic formations that correspond to these physical structures are 
shocks, shock waves, turbulent pulsations and so on. Additional degrees of free¬ 
dom are realized as the condition of the degenerate transformation, namely, 
vanishing of determinants, Jacobians of transformations, etc. These conditions 
specify the integral surfaces (pseudostructures): the characteristics (the deter¬ 
minant of coefficients at the normal derivatives vanishes), the singular points 
(Jacobian is equal to zero), the envelopes of characteristics of the Euler equa¬ 
tions and so on. Under crossing throughout the integral surfaces the gas dynamic 
functions or their derivatives undergo the breaks. 

Let as analyze which types of instability and what gas dynamic formation 
can originate under given external action. 

1) . Shock, break of diaphragm and others. The instability originates because 
of nonstationarity. The last term in equation (A2.8) gives a contribution into 
the commutator. In the case of ideal gas whose flow is described by equations of 
the hyperbolic type the transition to the locally equilibrium state is possible on 
the characteristics and their envelopes. The corresponding structures are weak 
shocks and shock waves. 

2) .Flow of ideal (inviscous, heat nonconductive) gas around bodies Action of 
nonpotential forces. The instability develops because of the multiple connected¬ 
ness of the flow domain and a nonpotentiality of the body forces. The contribu¬ 
tion into the commutator comes from the second and third terms of the right- 
hand side of equation (A2.8). Since the gas is ideal one and ds/d^^ = Ai = 0, 
that is, there is no contribution into the each fluid particle, an instability of 
convective type develops. For U > a {U is the velocity of the gas particle, a is 
the speed of sound) a set of equations of the balance conservation laws belongs 
to the hyperbolic type and hence the transition to the locally equilibrium state 
is possible on the characteristics and on the envelopes of characteristics as well, 
and weak shocks and shock waves are the structures of the system, li U < a 
when the equations are of elliptic type, such a transition is possible only at 
singular points. The structures emerged due to a convection are of the vortex 
type. Under long acting the large-scale structures can be produced. 

3. Boundary layer. The instability originates due to the multiple connectness 
of the domain and the transport phenomena (an effect of viscosity and thermal 
conductivity). Contributions into the commutator produce the second term 
in the right-hand side of equation (A2.8) and the second and third terms in 
expression (A2.12). The transition to the locally equilibrium state is allowed 
at singular points, because in this case ds/d^^ = Ai ^ 0, that is, the external 
exposure acts onto the gas particle separately, the development of instability and 
the transitions to the locally equilibrium state are allowed only in an individual 
fluid particle. Hence, the structures emerged behave as pulsations. These are 
the turbulent pulsations. 

{Studying the instability on the basis of the analysis of entropy behavior 
was carried out in the works by Prigogine and co-authors [23]. In that works 
entropy was considered as the thermodynamic function of state (though its 
behavior along the trajectory was analyzed). By means of such state function 
one can trace the development (in gas fluxes) of the hydrodynamic instability 
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only. To investigate the gas dynamic instability it is necessary to consider 
entropy as the gas dynamic state function, i.e. as a function of the space-time 
coordinates. Whereas for studying the thermodynamic instability one has to 
analyze the commutator constructed by the mixed derivatives of entropy with 
respect to the thermodynamic variables, for studying the gas dynamic instability 
it is necessary to analyze the commutators constructed by the mixed derivatives 
of entropy with respect to the space-time coordinates.} 

Electromagnetic field 

The system of charged particles is a material medium, which generates electro¬ 
magnetic field. 

If to use the Lorentz force F = p(E -|- [U x H]/c), the local variation of 
energy and linear momentum of the charged matter (material system) can be 
written respectively as [10]: p{\] ■ E), /9(E -|- [U x H]/c). Here p is the charge 
density, U is the velocity of charged matter. These variations of energy and lin¬ 
ear momentum are caused by energetic and force actions and are equal to values 
of these actions. If to denote these actions by Q®, Q% the balance conservation 
laws can be written as follows: 


p(U-E)=Q® (d2.14) 

p(E -f [U X H]/c) = Q* (d2.15) 

After eliminating the characteristics of material system (the charged matter) 
p and U by using the Maxwell-Lorentz equations [10], the left-hand sides of 
equations (A2.14), (A2.15) can be expressed only in terms of the strengths of 
electromagnetic field, and then one can write equations (A2.14), (A2.15) as 

cdivS = -h Q® (A2.16) 

at 

i^S = G4-Q' (A2.17) 

c ot 

where S = [E x H] is the Pointing vector, / = (E^ -I- H‘^)/c, G = EdivE -|- 
grad(E • E) - (E • grad)E -|- grad(H • H) - (H • grad)H. 

Equation (A2.16) is widely used while describing electromagnetic field and 
calculating energy and the Pointing vector. But equation (A2.17) does not 
commonly be taken into account. Actually, the Pointing vector S must obey 
two equations that can be convoluted into the relation 

dS = (A2.18) 

Here dS is the state differential being 2-form and the coefficients of the form 
(the second degree form) are the right-hand sides of equations (A2.16) and 
(A2.17). It is just the evolutionary relation for the system of charged particles 
that generate electromagnetic field. 
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By analyzing the coefficients of the form (obtained from equations (A2.16) 
and (A2.17), one can assure oneself that the form commutator is nonzero. This 
means that from relation (A2.18) the Pointing vector cannot be found. This 
points to the fact that there is no such a measurable quantity (a potential). 

Under what conditions can the Pointing vector be formed as a measurable 
quantity? 

Let us choose the local coordinates Ik in such a way that one direction li 
coincides with the direction of the vector S. Because this chosen direction 
coincides with the direction of the vector S = [E x H] and hence is normal to 
the vectors E and H, one obtains that divS = ds/dli, where S' is a module 
of S. In addition, the projection of the vector G on the chosen direction turns 
out to be equal to —dl/dli. As a result, after separating from vector equation 
(A2.17) its projection on the chosen direction equations (A2.16) and (A2.17) 
can be written as 


dS 

ml 

as 

'm 


^91 

— ^ 
c at c 



+ cQ'* 


(A2.19) 

(A2.20) 


0 = -G" - cQ"* 


Here the prime relates to the direction li, double primes relate to the other 
directions. Under the condition dli/dt = c from equations (A2.19) and (A2.20) 
it is possible to obtain the relation in differential forms 


as 

ml 


dh 


as 

'm 


, f di „ ai , 


(g"dt + Q'M/i) (A2.21) 


Because the expression within the second braces in the right-hand side is not a 
differential (the energetic and force actions have different nature and cannot be 
conjugated), one can obtain a closed form only if this term vanishes: 


{Q^dt + Q'^dh) = 0 


(A2.22) 


that is possible only discretely (rather than identically). 

In this case dS = 0,dl = 0 and the modulus of the Pointing vector S proves 
to be a closed form, i.e. a measurable quantity. The integrating direction (the 
pseudostructure) will be 


as/at dh 
as/aii ~ dt 


(A2.23) 


The quantity I is the second dual invariant. 

Thus, the constant c entered into the Maxwell equations is defined as the 
integrating direction. 
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